On the Relevance of Disorder for Dirac Fermions with Imaginary Vector Potentials 



Andre LeClair 
Newman Laboratory, Cornell University, Ithaca, NY 14853. 
(February 1, 2008) 



We consider the effects of disorder in a Dirac-iike Hamil- 
tonian. In order to use conformal field theory techniques, we 
argue that one should consider disorder in an imaginary vec- 
tor potential. This affects significantly the signs of the lowest 
order /3eta functions. We present evidence for the existence 
of two distinct universality classes, depending on the relative 
strengths of the gauge field verses impurity disorder strengths. 
In one class all disorder is driven irrelevant by the gauge field 
disorder. 



I. INTRODUCTION 

In order to explain the main qualitative features of 
the Quantum Hall effect one needs gauge invariance and 
impurities. From the gauge invariance one can obtain 
the quantization condition of the plateaux, at least for 
the integer case [||. The impurities are necessary to 
localize the states being filled on a plateau where a xy 
remains constant. 

From the gauge arguments alone, it seems possible to 
infer that extended states exist at the center of impu- 
rity broadened Landau bands || g] ||. This is rather 
striking, since the issue of whether states are localized 
or extended is normally a difficult problem in Anderson 
localization, involving the study of Quantum Mechanics 
in disordered potentials, at least in more than two di- 
mensions. In two dimensions, with no magnetic field, 
states are in principle always localized, no matter what 
the strength of the disorder || It seems clear from 
these observations that there exists a competition be- 
tween localization due to impurity disorder and the con- 
sequences of gauge invariance. One expects then that the 
presence of the magnetic field can drive impurity disorder 
irrelevant. 

We recently presented a computation of the correla- 
tion length exponent v in a certain model with no dis- 
order and obtained v = 20/9, in good agreement with 
experiments and numerical simulations 0. This expo- 
nent essentially followed from gauge invariance. In this 
paper we consider the effects of disorder in the above 
model. We argue that to use conformal field theory tech- 
niques, one must view the gauge potential as imaginary, 
whereas the usual scalar potential is real. We present 
evidence that there may actually be two distinct univer- 



sality classes depending on the relative strengths of the 
gauge field verses impurity disorder. In one universality 
class all disorder is driven irrelevant due to the disorder 
in the gauge potential. The gauge field is not normally 
thought of as disordered, since the magnetic field is usu- 
ally considered uniform. The disordered component of 
the gauge field can be thought of as arising from the lo- 
cal electro-magnetic field due to the random impurities 
as a source. Alternatively, conduction electrons find their 
way along the most conductive paths, and the shapes of 
these paths can be rather complicated in the presence of 
impurity disorder. Magnetic flux enclosed by such paths 
is random, and this may perhaps effectively lead to dis- 
order in the gauge field, as in the network model 0. 



II. RENORMALIZATION GROUP ANALYSIS 

We consider fermions in two dimensions with hamilto- 
nian H and second quantized action 



5 2 +i = J dtd 2 x &(idt - H)V 



(2.1) 



For the purposes of studying the consequences of disorder 
it is convenient to Fourier transform in time 



#(a;,i) = / de e iet ^ e (x) 



such that 



S 2 +i = J de J d 2 x *J(e - H)V e 



(2.2) 



(2.3) 



The functional integral is defined by e lS2+1 . For a fixed e, 
one has a euclidean field theory with functional integral 
defined by e~ s where 



S = i d 2 x i/>l(H-e)i/> c 



(2.4) 



With the hcrmiticity properties inherited from 2 + I di- 
mensions, one has that S is anti-hermitian S* = —S. 
We will study the hamiltonian 

H = —j= (—id x - A x )a x + -^=(—id v ~ A y )a y + V(x, y) 

(2.5) 

where is the electro-magnetic vector potential and 
V{x, y) is an impurity potential. This kind of Dirac 
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hamiltonian has been considered before in the context 
of Quantum Hall transitions, with real VandA^, H Jl0| , 
however its meaning in |7) is rather different. Letting 



* = 



, and introducing the complex coordinates 



z = (x + iy)/^/2, z — (x — iy)/y/2 and gauge fields 
A z = {A x —iAy)/y/2, A-= (A x + iA y )/V2, the action is 



S = 



fx[ 



if>\{d z - iA z )^ 2 + ^{ch-iA-)^ 



(2.6) 



where we have dropped the e term and suppressed the e 
subscripts, since it was sufficient to study e = in 0. 
Using the hermiticity properties d\ = — <9j, A\ = A- one 
verifies S' — —S when V is real. 

We wish to study disorder in the above model using 
techniques from conformal field theory. When V = 0, 
the model is conformally invariant and the action is usu- 
ally expressed in terms of left(L) and right (R) moving 
fermions. Making the identifications: 



Vi = V"2 = ipR, 



4 = 



L> 



^x=^L (2.7) 



the action becomes the one appropriate to conformal field 
theory: 



S = I ^ (l>U 9 » - lA ^R + - iA *)^L (2. 

- iv{ii>y L + ^y R )) 



The L, R designations come from the equations of motion 
when V = 0: ip L = i/il(z), ipR = i/>r(z). 

The conformal field theory is defined by functional in- 
tegrals over ipL,R,ipL r, which is not evidently the same 

as the functiona l int egral over "01,2, ip\ 2 since, as can be 
seen from Eq. (2.7), the hermiticity properties are not 
compatible. This is most apparent in the conventional 
bosonization for the fermions, which reads: 



'0L = e~^, 



t _ a i<t>L 



t _ „-M>r 



(2.9) 



where 4> = 4>l{z) + <I>r(jz) is a free scalar field. The cur- 
rent coupled to the gauge field then has the following 
bosonized expressions 



Jz 



1 

2^ 



2vr 



2tt zy 
2tt 



(2-10) 



which implies j M = e MI/ <9„0/27r, where ei2 = —£21 = 1- 
The bosonized action then takes the form 



The important point is that whereas the kinetic term for 
the real scalar field is real, the term which couples to the 
gauge field is imaginary if A^ is real. Indeed, in M, it was 
shown that the Hall conductivity o~ xy computed from S 
is real only if one makes an analytic continuation which 
effectively makes A^ imaginary and thus renders S real[]. 

Based on the above considerations, we consider the 
effects of disorder in the real potential V and an imagi- 
nary vector potential A^. The role of imaginary vector 
potentials in localization problems has been previously 
recognized by Hatano and Nelson |Tl| and in E^]. Let 
— > Ap + iA d where A d is a disordered component of 
the gauge field, and A^ — d^x is the background value 
with the properties assumed in jjj . The disordered poten- 
tials are taken to have gaussian probability distributions: 



P[A d ] = exp 
P[V] = exp 



1 

9 A 



(2.12) 



2.9v J 2?r 



Vn 



where Vq is the mean value of V(x) and gv, 9 a represent 
positive variances of the distribution. 

An effective action which incorporates the effects of 
the disorder can be obtained using the supersymmetric 
method [jl3|] . For our particular problem this was carried 
out by Bernard j^). Let us outline the main features. 
Introducing bosonic ghosts (3l,r, 0l r that couple in the 
same way as the fermions, the functional integral over 
V, A d leads to the effective action: 

S cS = S cft + J ^-(-iV O +g v Ov +9aO a ) (2.13) 

where S c ft is the conformal field theory action for the 
fermions plus a ghost action obtained from the fermionic 
one with the replacement ^l,r —> Pl,r, and Oq is the 
operator the V couples to in (2.8) plus ghosts. The op- 
erators Oy,A are: 



O 



2 {fl^R + ^R^L 



(2.14) 



The interactions can be written as a current-current per- 
turbation of the OSP(2\2) super-current algebra p4|] . 

The operators Ov , Oa do not form a closed operator 
algebra and another term qmOm in the lagrangian is 
generated under renormalization, with 



O m = 



\[^r-^Ul+P{Pr-PrPl) 2 (2.15) 



s = 



d 2 :. 



Z7T 



(2.11) 



this corresponded to letting the topological angle 
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Using the operator product expansions 

^l(z)MO) ~ Vl(*)4(0) ~ 1/z (2-16) 
^(44(0) ~ -0l(z)l3 L (O) ~ 1/z 

and similarly for Pr,^r, one obtains the operator prod- 
uct expansions 



zz 

O A (z,z)O M (0) ~ 4 (Ov(0) + Om(0)) (2.17) 

zz 

O A (z,z)Ov(0) ~ 4 (Oy(0) + O M (0)) 

zz 

O M (z,z)Ov(0) ~ 4 (4Oa(0) - 2O v (0) + 20 M (O)) 



From these one can determine the lowest order (1-loop) 
/3eta functions, 



rffy 



dlogi? 



(2-18) 



(2-19) 



where R is a length scale (L5| . One finds 

Pgv = 4 9v + ^9m9v ~ ^9a{9m + 9v) 
Pg M = -4gli - ^9M9v ~ 4g A (g M + gv) 

P 3A = -&9m9v 



In jL4| the analogous result was obtained for a real vector 
potential, which differs by signs g A — ► — 3a- The special 
case gn + gv — has some very interesting properties, 
namely f3 gM + gv = when <7m+<7v = 0, and the only non- 
zero ^eta function is (3 9A . For the case of a real vector 
potential, one can check numerically that renormaliza- 
tion group flows are drawn to the line gM + gv — in 
the UV. This nearly conformal situation was studied in 
fl6|| , and is exactly soluble using gl(N\N) supercurrent 
algebra. 

The change in sign for an imaginary vector poten- 
tial has some important consequences as far as the rele- 
vance or irrelevance of disorder. The Om operator which 
is generated corresponds to a term in the hamiltonian 
iM(x,y)a z , which leads to a term in the lagrangian 
iM(ip\ipi — iplip2)- This is anti-hermitian, as it should 
be in the original ^1,2 formulation if M is real. Thus a 
positive gM corresponds a variance in a gaussian distri- 
bution of M. Since the couplings g represent variances 
of the potentials, we consider the renormalization group 
flow when all couplings arc initially positive. The beta 
function (3 9M then shows that gM is a marginally irrel- 
evant coupling, i.e. it decreases at larger distances. At 
large enough distance it is eventually driven to zero. It 
will eventually be driven negative using the 1-loop /3eta 
functions, but since this is unphysical let us assume that 



the flow is cut-off when gM = 0. To get a qualitative un- 
derstanding of the renormalization group flow, let us set 
gM = since it is marginally irrelevant. One sees that 
g A is then exactly marginal, i.e. it's /3eta function van- 
ishes. What is interesting is that gy can be marginally 
relevant or irrelevant depending on the initial strengths 
of gv verses g A . The two classes are: 

Class A (Gauge Dominated) Here g A > gv- In this 
class g A drives gv to be irrelevant. Integrating the /3eta 
function, one finds 



9v(R) 



9A 



1 + R 4 9A 



(2.20) 



i.e. gv(R) decreases at large distances, gv is more than 
marginally irrelevant: it decreases much faster than log- 
arithmically because of the linear term in the /3eta func- 
tion. 

Class B (Impurity Dominated) Here g A < gv, and 
gv is relevant 



gv{R) 



9A 



1 - R 4 9A 



(2.21) 



To verify that this picture is not spoiled by a non-zero 
gM, we integrated the /3eta functions numerically for an 
initial value of gM = 1/4. Indeed one sees two classes 
roughly separated by g A = gv- In Class A all couplings 
decrease with increasing R, whereas in Class B g A ,gM 
decrease and gv increases. 



III. DISCUSSION 

If disorder is indeed irrelevant in Class A, there isn't 
much left for the critical exponents of a transition to de- 
pend on. What remains is the constant mean value of the 
potential Vo, which is relevant, but clearly the exponent 
is independent of the strength of Vo . In H the impurity 
region was shrunk to a circular defect of uniform strength 
and gauge arguments led to the exponent v = 20/9. This 
is a reasonable proposal for the exponent governing Class 
A. For Class B the impurity disorder is relevant and so 
it is possible that one flows to a new fixed point with a 
different exponent. However the constant potential Vo 
corresponds to a dimension 1 operator and is more rel- 
evant. If the exponent in this class is indeed different, 
then the percolation type exponent of 7/3 is a possibil- 
ity, since the impurities dominate and the electrons must 
somehow percolate through islands of impurities JT^] . 

There is a small amount of evidence for two univer- 
sality classes in both numerical simulations and experi- 
ments. Huckestein's work gave v = 2.35 ± .03 which is 
consistent with 7/3 [Q. On the other hand Aoki-Ando's 
simulation gave 2.2 ± .1, closer to 20/9 Q. It isn't 
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clear yet whether there is any statistical significance to 
this. Furthermore Ando apparently doesn't incorporate 
randomness in the gauge field directly. It would be very 
interesting to perform a simulation where one can tune 
the strength of the gauge verses impurity disorder. 



IV. ACKNOWLEDGMENTS 



I would like to thank Denis Bernard, S. Guruswamy, 
B. Huckestein, Andreas Ludwig and Jim Sethna for dis- 
cussions. This work is supported in part by the National 
Young Investigator Program of the NSF. 



R. B. Laughlin, Phys. Rev. B 23 (1981) 5632. 

B. I. Halperin, Phys. Rev. B 25 (1982) 2185. 

H. Aoki and T. Ando, Solid State Commun. 38 (1981) 

1079. 

R. E. Prange, in The Quantum Hall Effect, eds. R. E. 
Prange and S. M. Girvin, Springer- Verlag, Berlin, 1987. 
E. Abrahams, P. W. Anderson, D. C. Licciardello and T. 
V. Ramakrishnan, Phys. Rev. Lett. 42 (1979) 673. 
P. A. Lee and D. S. Fisher, Phys. Rev. Lett 47 (1981) 
882. 

A. LeClair, Gauge Invariance and the Critical Pro perties 

of Quantum Hall Transitions, fcond-mat/99044l4 

J. T. Chalker and P. D. Coddington, J. Phys. C 21 (1988) 

2665. 

A. W. W. Ludwig, M. P. A. Fisher, R. Shankar and G. 
Grinstein, Phys. Rev. B50 (19 94) 7526. 



:ond-mat/9605073 



C. -M. Cho and J. T. Chalker 
N. Hatano and D. R. Nelson, Phys. Rev. Lett. 77 (1996) 
570; Phys. Rev. B 56 (1997) 8651. 

Y. Hatsugai, X.-G. Wen and M. Kohmoto, Phys. Rev. B 
56 (1997) 1061. 

K. B. Efetov, Adv. Phys. 32 (1983) 53. 

D. Bernard, (Perturbed) Conformal Field Theory Ap - 
plied to 2D Disordered Systems: An Introduction, jiep 



th/9509137 



A. Zamolodchikov, Sov. J. Nucl. Phys. 46 (1987) 1090. 
S. Guruswamy, A. LeClair and A. Ludwig, gl(N\N) 
Super-Current Algebras for Disordered Fermions, to ap- 
pear. 

G. V. Mil'nikov and I. M. Sokolov, JETP Lett 48 (1988) 
536. 

B. Huckestein, Rev. Mod. Phys. 67 (1995) 357. 
T. Ando, J. Phys. Soc. Jpn. 61 (1992) 415. 

H. Aoki and T. Ando, Phys. Rev. Lett. 54 (1985) 831; J. 
Phys. Soc. Jpn. 54 (1985) 2238. 




FIG. 1. Renormalization group flow with initial values 
9a = gu = -25, for various values of gv- Increasing length 
scale is from top to bottom. 
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